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A graph is called simple if it is the only realization of its degrc.e sequence. The simple graphs 
which are not blocks are characterized. Results on the radius and diameter of simple blocks are 
given. 
1. Introduction 
Because of the large number of results in g::ai?h theory which involve the 
degrees of the vertices, one is led very naturally to attempt o articulate in some 
general way the relation between the degrees of ihe vertices and the structure of a 
graph. This gives rise to the concept of the degree sequence of a graph: If a graph 
G has vertices xl, . . . , x,., where d, = deg x1 2 l l - 2 dp = deg xP, then (d,, . . . , d,.,) 
is said to be the degree sequence of G. Conversely, a sequence S is graphical if 
there is a graph G with degree sequence S in which case we say G realizes S, G is 
a realization of S, or G belongs to S. The terminology and notation used in the 
following is that of [l], in particular all graphs considered will have no loolls or 
multiple edges. 
The study of the relation between a graph and its degree sequence in turn leads 
to a consideration of those sequences which are realized by exactly one graph or, 
to what is the same thing, a consideration of those graphs which are determined 
up to isomorphism by the degrees of their vertices. 
Definition. A sequence is simple if it is realized by exactly one graph. A graph is 
simple if it belongs to a simple degree sequence. 
In what follows we give a summary of the present state of the theory of the 
structure of simple graphs, new results of interest and conjectures which appear to 
indicate fruitful new approaches to the question. It is hoped that in so doing, 
perspective on the problem of characterizing simple graphs can be achieved. 
Complementary to the question of classifying simple graphs is that of characteriz- 
ing simple sequences. The work of M. Koren and Shuo-Yen R. Li has charac- 
terized simple sequences (see [8,91>. Their work and the results below are 
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complementary-the former “arithmetical” and the latter “geometrical”. It is to 
be expected that results on one side will help settle questions on the other. 
The main tool use;d in the study of simple graphs is the concept of transfer. 
IHnition. Let G be a graph and let x, y, u, u be four distinct points of VG such 
that xy, uo E EG but xu, yu$ EG. A transfer t of G is the replacement of the 
edges xy and uv by xu and yv. The graph so obtained is denoted by tG. 
It is immediate that G and tG realize the same graphical sequence for any 
graph G and transfer t of G. I-Ience to show that G is nit simple, it suffices to find 
a transfer I of G such that tG+ G. Much more is true. We quote the following 
result of [2]* 
Tkwem 1.1. If S is u graphical sequence, and S has realizations G and Zf, then 
there exists a finite number of transfer t,, . . . , t, such that 
G=t, O* l *of&l. 
cordlruy 1.2. A graph G is simple if and only if given any transfer t of G we have 
tG=G. 
R43nak There are analogues 
of which can be found in [3]. 
for each of the above results with digraphs, proofs 
As examples one can verify that the complete graph, I$,, and the star graph 
K I + are simple. Also the cycle CP on p vertices is simple if and only if 3 s p s 5. 
ia) (b) 
Fig. 1. The two reakaticms of (2,2,2,2,2,2). 
~O~fiOn 1.3. ‘The sequences (d,, _ . . , L2J, (p- 1 -d,,, . . . , p- 1-dl), (p, dI + 
I . . . ..d.+l) and (d, ,..., dP, 0) all have the same number of realizations 141. 
The following is immediate. 
Corolky 1.4. A graph is simple if and only if its complement is simple. 
To ind: cate some rough 
prop05 I&ions kxn [4]. 
geography of simple graphs we have the following two 
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Proposition 1.5. For any positive integer p and any integer q such that O<q < 
&(p - 1) there is a simple (p, q) graph. 
Proposition 1.6. Let p, q be positive integers such that p 2 5 and 4~ q s 
$p(p - 1) -4. There is a (p, q) graph which is not simple. 
In order to determine which block graphs are simple it is essential that simple 
regular graphs be characterized. 
Theorem 1.7. I’ G is a regular graph of degree r on p points, then G is simple if and 
only if rE{O, 1, p-2, p- 1). 
2. Simple trees 
In this section the simple graphs which are trees are characterized. To this end 
we define the “Giap” graphs. 
Definition. Let p be a positive integer, p 3 2, and let S = (m, n, 1, . . . , I) be a 
sequence of length p where p = m + n. Then any realization of S is a Giap graph 
or an [m, njG, or an [m, n]-Giap graph. 
Lemma 2.1. Giap graphs are simple. 
Proof. Let p be a positive integer, pa2 and let S = (m, n, 1, . . . , l), p = m + n. 
One realization of G of S can be defined as follows. Let V(G) = {x1, . . . , x,,), 
where deg x1 = m, deg x2 = n, x1x2 E E(G), x1 is adjacent to m - 1 points of degree 
one and x2 is adjacent to n - 1 points of degree on . G can 5e constructed by 
connecting a K1,,_1 with a K1,,_1 by an edge at their points of maximal degree. 
The only transfer that is defined on G is of the following type. Let y1 y2 E V(G). 
y1 # x2, y, # x1 with y,x, E EG, y2x2 E EG. Then the tranfer t of ylxl and y2x2 for 
y2xl and y1x2 yields a graph isomorphic to G, and is the only possible kind of 
transfer since x1x2 E EG. (Note. The transfer t amounts to interchanging points of 
degree one adjacent to x1 and x2). 
Theorem 2.2. A tree is simple if and only if it is a Giap graph. 
Proof. Since Lemma 2.1 says Giap graphs are simple and the proof of 3.1 shows 
that Giap graphs are trees, sufficiency is clear. 
Now let T be a simple tree. We first show that T has no path of length four and 
hence has no path of length greater than three. Suppose the contrary i.e , there 
exists yO, yl, . . . , y4 E VT for which ya y 1 ~2~3~4 is a path in T. Since T is a tree 
neither y0y4 nor y1 y3 is in ET so that the transfer t of yOyl and y, y4 for y,y, and 
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y, y, is defined and t’I’+ T since tT has a triangle. Hence, T simple implies that 
dTs3, i.e., the diameter of T is less than or eqtal to 3. 
Now let x E Vf’ with deg x > 1. If each point of N, has degree one, then T is a 
star graph, i.e., [p, l]-Gap graph. If N, has two points X’J” of degree greater 
than one, then there exkts a’, a” E VT with a’x’, a”x” E ET, a’ # x, a” # x. Since T 
has no cycles a’# a” and thus a’x’xx”a” is a path of length four, contradicting the 
above. Hence, N, kas at most one point, say x’, of degree greater than one. Since 
T is connected, VT consists of x, x’ and points of degree one adjacent o either x 
or x’. Hence 7’ is a Gap graph. 
Observe that the above argument also shows that if T is a tree with dTs 3, 
then T is a Giap graph. That is, the simplicity of T was used to derive dTs 3 and 
then from the latter the structure of T was derived. This yields the following 
corollary. 
C~oNary 2.3. Let T be a tree. T is simple if and only if dTs3. 
For directed trees the results are somewhat more complicated (see [3]). The 
simple directed trees are those of the form in Fig. 2 or their converp,e. 
Fig. 2 
3. Simpie separable graphs 
Given a disconnected graph with non-trdvial components one of which contains 
a cycle a transfer can be made which reduces the number of components. This 
remark, as in [4], leads to 
Pbpwition~ 3,l. Let G be a disconnected graph with nontrivial components. G is 
simple if and only if 
G=sM,Ut[1,2]G 
where s is a positiue integer, t f (0, 1). 
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The fact that a graph is simple if and only if its complement is together with the 
above proposition yields a criterion for a simple graph to have a disconnected 
complement. 
If a graph has two blocks, each of which contains a cycle, the]: in most cases a 
transfer can be effected which reduces the number of blocks. This’ yields, as in [S]. 
Lemma 3.2. If G is a connected graph without pendant vertices then the riegvee 
sequence ofG has a realization which is connected and has at wrosl* one cut point. 
One important consequence of the latter is 
Proposition 3.3. Let G be a connected graph without pendant oertices. If G has two 
or more cut points, then G cannot be simple. 
This last result will enable us to determine simple separable graphs if we can 
determine ach block attached to the one cut point. The following definitions are 
needed. 
Definition. A 8r (theta-r) graph is a realization of the sequence (r + 1, t + 
192 , . . . ,2) where there are r twos. 
Definition. Let G1, G2 be graphs. Let VG1 n VG2 = 0 and x1, y1 be points of 
maximal degree of VG1, VG, respectively. By G1 * G2 we mean the graph 
obtained by identifying x1 and yl assuming that the construction is independent of 
the points of maximal degree chosen. Otherwise, G1 * G2 is not defined. 
We can now state the following key result from [4]. 
Theorem 3.4. Let G be a separable graph with 6(G) 3 2. Then G is simple if and 
only if G=H*C3 * l l l * C, where H is either (14 or &. 
TO complete the survey of simple separable graphs we need the notion of a 
subdivision graph. 
Definition. Let G be a graph x, y E VG and e = xy E EG. Then the subdivision 
of G at e, S,,(G) is the graph obtained by adding a new point z to VG and) taking 
({xz, yz}U EG) -(xy} as the edge set. 
Remark. If a graph G has a point of degree two that does not lie on a tiangle, 
then it is clear that G = SJH) for some If. It is also evident that iE e,, e, E EG, 
then S,,(G) and SJ G) belong to the same degree sequence. This means that in 
order to show that S,(G) is not simple we need only find some e’ E EG such that 
S,(G) + S,?(G). This yields by [4]: 
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Tbeogem 3.5. Let G be a connected graph, e E EG. S,(G) is simple ij and only if G 
has one of the jollowing forms: 
(a) Cd9 (b) K,,,, (c) C, * l l l * G, (4 K- 
My 3.6. Let G be a graph with a point oj degree two that does not lie on a 
triangle. G is simple if and only if G is C,, C,, C4* C, * l l l * C,, [2, m]G, SJK,,) or 
SK* or SK, U [ 1,2]G. 
Before simple separable graphs can be completely characterized we need a 
result on pendant vertices which is of some interest in itself. 
Theogem 3.7. Let G be a simple graph and let S1 be a set of pendant vertices of G. 
Then for any subset S of S,, (VG - S) is simple. 
The above results put us in a position to summarize with the following from [4]. 
‘IBmrern 3.8. Summary. Let G be a simple graph which is not a block. Then G has 
one of the following forms. 
(a) SK* or [n, m]G or SK* U [ 1, m]G where s, n, m are position integers. 
(b9 H*Cs **-*C3*Kz*-*KZ where H=C, or H=&. 
(c) (VG-S,) it- ,) a simple block where S, is the set of pendant vertices of 
(3, S, # VG. 
(d) the union of one graph from (a), (b) or (c) with any number oj trivial graphs. 
Remark. In view of Theorem 3.8 it follows that any simple graph G which is 
*parable, with 8(G) 2 2, must satisfy one of the foilowing degree sequences. 
(a) (m, 2 ,...,2)=m2m or m2”-‘, 
(b) (m, r+ 1,2,. . . ,2)= m’(r+ 1)‘2”. 
simple blocks 
The results of Sections 2 and 3 show that all simple graphs can be constructed if 
simple blocks can be. 
Simple blocks have yet to be characte&ed in any informative fashion. There 
are however important things to be said ai Jut this family. 
Simply block5 cat-mot be too “thin”. That is, a graph on six or more vertices 
cannot be simple if it is either a “minimal” 3r “critical” block. The latter follows 
quite easily from our results on subdivision graphs and MD. Hummer’s work on 
minimal blocks (see [6]). 
On the other hand the key geometric results on simple connected graphs 
indicate that simple blocks are indeed “thick”. 
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Theorem 4.1. If G is simple and connected, then d(G) s 3. 
Proof. Assume d(G) a 4, G simple, We can suppose that there are x, y E VG 
with d(x,y)=ka4 and z,,...,z~_~EVG so that x~~~~*z~__~z~(z~=~) is the 
shortest xy path. In particular, this means that z1z4 and xz3 are not in EG. 
Case 1. Either xzl or z3z4 lies on a triangle. If z* is adjacent to both x and zi, 
then z*fzz,...,zk- 1 and Z*Zi E EG for i= 3,4,. . . , k - 1 for otherwise 
d(x, y) = k would be contradicted. Consider the transfer t of xzl and z3z4 for xz3 
and z1 z4. Now, if in G, xz3 or z1z4 lie on triangles, then this, in G, would 
contradict d(x, y ) = k. Hence the “new” edges do not introduce new triangles and 
the removal of xzl removes one triangle so that G # tG. In exactly the same way, 
if z3z4 lies on a triangle, then the same transfer reduces the number of triangles. 
Thus, we get a contradiction either way. 
Case 2. Neither xzl nor z3z4 lies on a triangle. The transfer t of szl and z3z1 
for z1z3 and xz4 yields a graph tG with at least one more triangle than G and 
again G # tG. This gives the result. 
Remark. There are simple graphs of diameters one, two, and three: KP, 8,. 
[n, m]G, respectively, where n, m ~2. At first sight, simple blocks appear to have 
diameter of at most two, but consider the following graph: 
Fig. 3 
The above graph is simple by Theorem 2.2 since it is the complement of 
[3,3]G, and the points x and y are clearly a distance three apart. 
We now consider the radius of simple graphs. Remember for a connected graph 
G, rad(G) = min{e(y) 1 y E VG} where for y E VG, e(y) = max{d(x, y) 1 x E VG}. 
The number e(y) is usually called the “eccentricity” of y. 
Theorem 4.2 [The Nathaniel Turner Theorem]. If G is a simple connected graph, 
then the radius of G is less than or equal to two. 
The proof of the above can be found in [7]. It is very detailed and at this point 
does not lend itself to an informative outline. 
Corollary 4.3. Let G be a simple connected graph. Then if ,r, = 1 VGI, 
(a) G2 has a point of degree p - 1, 
(b) G3= KP. 
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We should like to indicate some possible directions in understanding simple 
blocks. 
ID&a&h. A graph G is said to belong to the class B2 if both G and G’ are 
simple 2-connected blocks. 
It should be clear that if the class B2 can be characterized then so can all simple 
blocks. This in turn allows a characterization of any simple graph. 
Consider the following construction. Let H be a simple bipartite graph (i.e., the 
only bipartite graph which is a realization of the degree sequence of G) with 
bipartition HI. HZ. Assume further that for all points XI& we have 2 sdeg x s 
II-I,! - 2. Now add on edge to every pair of points of H,. If IIf = n this is .A_ 
tantamount to “glueing together” H and K, a!ong I-I2 or “identifying” the points 
of ff2 and K,. The resulting graph can be denoted by 
The foll0wirp.g propositon is easily proven. 
?twu 4.4. If H is a bipartite graph as per the above paragraph then 
N, U [ff*@ K,J belongs to the class B2. 
There is considerable evidence th&it the converse of 4.4 also holds. If it does, 
then the required characterization has been obtained. 
Conjecture. if G is a member of the class B 2, ihen there exists a graph H, as per 
above, such that 
G = HI u[H,CBKJ. 
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